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ON THE OPTIMALITY OF THE MONTE-CARLO ESTIMATOR

ANTOINE PINOCHET LOBOS

ABSTRACT. We prove that on an atomless probability space, the worst-case mean squared error
of the Monte-Carlo estimator is minimal if the random points are chosen independently.

1. INTRODUTION AND STATEMENT OF THE RESULTS

Let (X, ) be a probability space. We are interested in the following general question: if
f is a measurable, real or complex-valued function on X, how can we efficiently compute the
integral SX fdu 7 The famous Monte-Carlo method is a solution to this problem: just choose
an integer n big enough, and draw Z1,-- - , Z,, independent X-valued random variables (that is,
random points) of law p, and form the mean %Z;;l f(Z;), called the Monte-Carlo estimator.

We measure the quality of this method by computing what we call the mean squared error:
we have the well-known equality, valid for all n € N* and f € L?(X, ),

1 & 1
Var (;;f(zi) fodu> - Hf Lfdu

and we obtain the following equality, concerning the worst-case mean squared error:

n
sup Var (l Zf(ZZ) —f fdu) = l
fEL?(X ) i X n
[ fl2=1
In this paper, we study the question of measuring the worst-case mean squared error, in the
general situation where the points Z; are not supposed independent, and we prove the following

theorem and its corollary.

2

L2(X )

Theorem. Let (X,u) be a probability space, let Nyn € N*, and Z := (Z1,--- ,Zy,) an n-tuple
of random points on X such that for all i, the law of Z; is . We do not assume that the Z;’s
are independent. Furthermore, we assume that X can be partitioned in N measurable subsets
of equal measure.

We then have

1 ¢ 1 —1
sup Var —Zf(Zi)de,u 2_(171 )
JeL?(X,p) i3 X " N-1
Ifl2=1

Corollary. Let (X, u) be an atomless probability space, n € N*, and Z = (Zy, -+ ,Zy,) an
n-tuple of random points on X such that for all i, the law of Z; is u. We do not assume that
the Z;’s are independent.
We then have
(38 [rw)
sup Var —Zf(ZZ) f fdu | = —.
feL?(X ) i X n
[fl2=1
Remark. As we shall see in the paper, in the case where X := {1,--- N} and p is the uniform
measure on X, the inequality of the theorem is an equality when the law of Z is the uniform mea-
sure on the set of n-tuples of points in X such that the coordinates are pairwise different. This
random n-tuple is then, in the sense of the worst-case mean squared error, than an independent
n-tuple.
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As we saw before, the inequality in the corollary is an equality if the Z;’s are independent. We
don’t know if this condition is necessary. It is, to our opinion, worth knowing that in [LPS86],
the authors build, for all prime p such that p = 1[4], a (p+ 1)-tuple Z of uniform random points
on the 2-sphere which are not independent, and prove that its worst-case mean squared error is
(pf:l)g , which is approzimately 4 times the lower bound in the corollary. In the article [LP1§],
it is shown that their construction is optimal, in a broad framework.

We confess our astonishment of having found no trace of these statements, which answer a
question that we find both natural and general, and in an elementary way.
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Gaudilliére, Pierre Mathieu, Clothilde Melot, Pierre Pudlo and more particularly Christophe
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2. PROOFS

To alleviate the presentation, we use the following notation: we consider the numbers

MSEz(f) := Var ( Z f(z JX fdu)

et

MSE(Z) := sup MSEz(f).
feL?(X,p)
I£l2=1
First of all, if f € L?(X, i), we notice that MSEz(f) = MSE(Z) (f -5 fd,u). Consequently,
MSE(Z) is also the sup of the MSEz(f) for f of norm 1 zero integral.
Let fe L?(X,p), of norm 1 and zero integral. We have that

§ 2
MSE(f) - E (%Zf(&))

and we recover the fact recalled above: if the Z;’s are pairwise independent, and if f is of
norm 1 of zero integral, MSEz(f) = %

Let us prove the theorem.

Proof of the theorem. Let X1, ..., Xy be measurable subsets that partition X, all of measure %,

with N > 2. Let us denote, for p € {1,..., N}, u, := u(X,). For every (p,q) € {1,..., N}?, we set

=A/—= 1Xp A —= 1Xq

Moreover, we will denote, for k € {1,..., N}, fp (X)) the value that f,, takes on X}, - this abuse
of notation is harmless because f, , is constant on the X;’s.
fp,q is visibly of zero integral, and if p # ¢, its norm is 1.

We will prove that there are different p,q € {1, ..., N} such that MSE(f, ) = % (1 — "—_1)
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Let p,q e {1,..., N}. We have that

+ = N E gl Z)fpa(Z)

1#]

1
+ = > (Z P(Z; € Xy, et Zj € X3) fpq(Xi)?
i#j \ k

1\/[SEZ (fp,q)

SI= 3=

+ Z P(Zie Xy et Zj € Xm)fp,q(Xl)fp,q(Xm)>
l;imN
s ; (P(Zi € X, et Zj € X,)
+ ]P’(ZZ S Xq et Zj S Xq)
— ]P’(ZZ S Xp et Zj S Xq)
— ]P’(ZZ € Xq et Zj € Xp)) .

S|

from which we deduce the inequality

MSEz(fp,q) =

SRS

1N
-5 (Z P(Zie Xpet Zje Xy) +P(Zie Xy et Zj € X,,)) :
i#j

Let us denote
Opg = Y \P(Zi€ Xy et Zye Xg) +P(Zie Xy et Z; € Xp).
i#j
Let us compute:

Z Opg = 22})7&(] Z#j P(Zie X, et Zj e Xg)

P#q

2 s 2ipreq P Zi € Xp et Zj € Xy)
2>2;P(Z; et Zj ne sont pas dans le méme morceau de la partition)
2n(n —1).

N

Now, since this sum of N(IN — 1) numbers is lower or equal than 2n(n — 1), then one of the

terms must be lower or equal than 2 ﬁg%:ll)). For a couple (p, q) such that 6, , < 2]3(%77_11)), we
then have
1 1N_nn-1)
MSEz(fpq) = o ﬁ§2N(N )
1 n—1
 n n(N-1)
1 n—1
= —(1- .
n ( N — 1)
O

Here’s an example where the inequality is an equality.

Proposition. If X := {1,--- , N}, if u is the uniform probability on X, if n < N, and if the
law of Z is the uniform measure on the set of n-tuples of points in X which coordinates are
pairwise different, then the inequality in the theorem is an equality, that is,

1 n—1
MSEz =—(1-— .
7 n( Nl)

Proof. Let m be the measure on X™ defined by

(N —n)!
M= —— Z Oiy o yin)s

|
Nt i1, in€X
Vj#k,
ij#ik
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where ¢§ is the notation for a Dirac measure. In words, 7 is the uniform measure on the set of
n-tuples of points in X which coordinates are pairwise different. Let Z = (Z1,---,Z,) be an
n-tuple of law 7 (we then have, for all ¢, that Z; is uniform on X).

Let f e L*(X,p) be of norm 1, and such that § f du = 0. Let us compute:

2iuem BUA (20 f(Zn)] = ZE Z Z Yzi=i o Zn=in} F(Z1) [ (Zim)
l#m AcX i1, ,in€A
o
= D00 D P(Zi=in,, Zn = in] F(0) f (im)

l#m AcX i1, ,in€A

|Al=n vizh
-1 I7k
- (:) DT )
AcX p,geA
|Al=n P74
- (030 T s
o
= 22D S ) S fg)
N(N o 1) peX qgeX
n(n—1) q#p
ST
_ n(n —1)
- N-1"~
We therefore have . )
n—
st =L (1271

O
Let us prove the corollary.

Proof of the corollary. We will prove that for all € > 0, we have that MSE(Z) > % — €, which is

enough. According to a theorem of Sierpinski [Sie22], every atomless probability space is such

that for every a € [0,1], there is a measurable subset of X of measure a. From this, it is easy,

for all arbitrarily big N, to partition X in N of measurable subsets of equal measure. If we
1 n

theorem, it is possible to find f of norm 1, zero integral, such that MSEz(f) > % — €. U

choose N such that % <1 — ]7\‘[—:1> > L _ ¢, which is obviously possible, then according to the

For the sake of completeness, we add a simple proof of Sierpinski’s theorem.

Complement (Sierpinski’s theorem on atomless probability spaces). If (X, %, u) is an atomless
probability space, then for every measurable A < X, there exists ¢ : [0,u(A)] — £ non-
decreasing, such that Vt € [0, u(A)], w(o(t)) =t.

Proof. The hypothesis of X being atomless means that for every measurable B < X such that
w(B) > 0, there exists a measurable C' = B such that 0 < u(C) < u(B).

Let A be a measurable subset of X, such that p(A) > 0 (if u(A) = 0, it is enough to define
¢(0) := A). By applying Zorn’s lemma, we obtain a ¢ : I — % where I is a subset of [0, u(A)],
¢ is non-decreasing, such that Vi € I, u(¢(i)) = i, and such that ¢ has no strict extension that
satisfies these properties. Let us show that I equals [0, u(A)].

On the one hand, I is closed. Indeed, let (x,)neny be a sequence of elements in I that
converges to some x. Let us show that z € I. We can assume, up to extracting a subsequence,
that (2,), is monotonous. If = ¢ I, let us define ¢ := I U {2} — 2 that extends ¢ by defining



ON THE OPTIMALITY OF THE MONTE-CARLO ESTIMATOR 5

o(x) = ), ¢(xn) if (x,)n is non-increasing, and ¢(x) := (J, ¢(xn) if (x,), non-decreasing.
According to p’s continuity properties, u(¢(x)) = lim,, z,, = z, and according to the monotony
properties of p1, ¢ is non-decreasing. ¢ is therefore a strict extension of ¢ that verifies the same
properties. This is a contradiction. So x € I, and therefore, I is closed.

On the other hand, I verifies Ya,b € I, a < b = (3cel, a<c<b) (we say that I is
order-dense). Indeed, if there are a,b € I such that a < b and ]a,b[n] = ¢, then let us
use the hypothesis that X is atomless, which provides a measurable C < ¢(b)\¢(a) such that
0 < u(C) < b—a. Let us then define ¢ : T U {a+u(C)} that extends ¢ by defining ¢(a+ u(C)) :=
¢(a)uC. Then u()(a+u(C)) = u(p(a)uC) = a+u(C). According to u’s monotony properties,
6 est non-decreasing. ¢ is then a strict extension of ¢ that verifies the same properties. This is
a contradiction. Therefore, I is order-dense.

So I is closed and order-dense. Therefore, I = [0, u(A)]. O
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