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ON A GENERALIZATION OF THE HOWE-MOORE PROPERTY

ANTOINE PINOCHET LOBOS

Abstract. We define a Howe-Moore property relative to a set of subgroups. Namely, a group G

has the Howe-Moore property relative to a set F of subgroups if for every unitary representation
π of G, whenever the restriction of π to any element of F has no non-trivial invariant vectors,
the matrix coefficients vanish at infinity. We prove that a semisimple group has the Howe-Moore
property relatively to the family of its factors.

1. Introduction

In [HM79], Howe and Moore discovered a very interesting property of connected, non-
compact, simple Lie groups with finite center: whenever they act ergodically on a probability
space by preserving the measure, the action is automatically mixing. This property, rephrased
purely in terms of unitary representations has since been called the Howe-Moore property.
Later, other topological groups were proved to enjoy this property.

In [Cio17], a very beautiful paper, Ciobotaru synthesizes the proofs of all known cases of
groups having the Howe-Moore property, giving a unified proof.

In this paper, we generalize further the unified proof of [Cio17] so that it also applies to
products and, in particular, generalizes the situation of products of Lie groups considered in
[BM00, Theorem 1.1, p. 81]).

2. Statement of the results

Let G be a topological group.

Notation 1. If g P GN, let us write limnÑ8 gn “ 8 if for every compact subset K of G, there
is an integer N such that for any integer n such that n ě N , gn R K.

If f : G Ñ C, if a P C, we write limgÑ8 fpgq “ a when we have

@ǫ ą 0, DK Ă G, K is compact and @g R K, |fpgq ´ a| ď ǫ.

Definition 1. (Cartan decomposition)
We say that a triplet pK1, A

`,K2q is a Cartan decomposition of G if the following condi-
tions are satisfied:

(1) K1 and K2 are compact subsets of G,
(2) A` is an abelian subsemigroup G, that is, @a1, a2 P A`, a1a2 “ a2a1 P A` and
(3) G “ K1A

`K2.

Notation 2. If a P GN, we set

U`
a :“ tg P G | lim

nÑ8
a´1
n g an “ eu et

U´
a :“ tg P G | lim

nÑ8
an g a

´1
n “ eu.

We call them the the positive and negative contracting subgroups associated to a.

Definition 2. (Mautner’s property)
Let F be a set of subgroups of G, and A a subset of G. We say that pG,Aq has Mautner’s

property relative1 to F if

@a P AN

´

lim
nÑ8

an “ 8
¯

ùñ
´

DF P F , Db subsequence of a, F Ď xU`
b
, U´

b
y
¯

.
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Remark 1. In [Cio17], it is proved that the following groups have Cartan decompositions
pK1, A

`,K2q such that pG,A`q has the Mautner property:

(1) simple algebraic groups over a non-archimedean local field;
(2) subgroups of the group of automorphisms of a d-biregular tree for d ě 3 that are topo-

logically simple and that act 2-transitively on the boundary of the tree;
(3) noncompact, connected, semisimple Lie groups with a finite center.

Notation 3. If π : G Ñ UpHq is a unitary representation of G and F is a subgroup of G. We
denote by

Fixpπ, F q :“ tφ P H | @g P F, πpgqφ “ φu.

Definition 3. (Relative Howe-Moore property)
Let F be a set of subgroups of G. We say that G has the Howe-Moore property relative2

to F if

@π : G Ñ UpHq, p@F P F , Fixpπ, F q “ t0uq ùñ

ˆ

@φ,ψ P H, lim
gÑ8

xπpgqφ,ψy “ 0

˙

.

Remark 2. In [CdCL`11], one can find a “relative Howe-Moore property”, but the one we
consider in the present note is different.

Our main result is the following.

Theorem. Let F be a set of subgroups of G. If G admits a Cartan decomposition pK1, A
`,K2q

such that pG,A`q has the Mautner property relative to F , then it satisfies the Howe-Moore
property, relative to F .

Remark 3. In the case where F “ tGu, then the theorem is just [Cio17, Theorem 1.2, p. 2].

The following consequence is useful.

Corollary 1. Let G1, ..., GN be groups having Cartan decompositions pKi,1, A
`
i ,Ki,2q such that

for all i, pGi, A
`
i q has the Mautner property. Then the product G :“ ΠiGi has the Howe-Moore

property, relative to tG1, ¨ ¨ ¨ , GNu.

The Howe-Moore property is often used to deduce mixing from ergodicity. The following
obvious corollary states the analog result for the relative Howe-Moore property.

Corollary 2. Let G1, ¨ ¨ ¨ , GN be topological groups admitting Cartan decompositions pKi,1, A
`
i ,Ki,2q

such that for all i, pGi, A
`
i q has the Mautner property. Let G :“ G1 ˆ ¨ ¨ ¨ ˆ GN , and let

G ñ pX,µq a measure-preserving action on a probability space such that the restriction to each
of the G1

is is ergodic. Then the action G ñ pX,µq is mixing.

As an application, we spell out the following corollary.

Corollary 3. Let G1, ¨ ¨ ¨ , GN be topological groups having Cartan decompositions pKi,1, A
`
i ,Ki,2q

such that for each i, pGi, A
`
i q has the Mautner property. Let G :“ G1 ˆ ¨ ¨ ¨ ˆGN , and let Γ be

an irreducible lattice G. Then the action G ñ G{Γ is mixing.

Remark 4. The theorem and Corollary 2 were already known, in the case G is a semisimple
group with finite center (see [BM00, Theorem 1.1, p. 81 and Theorem 2.1, p. 89] for a proof
using Lie theory technology). In the approach we propose, Lie theory is only needed to prove
that the factors satisfy the Howe-Moore property. We therefore provide an elementary shortcut
for a part of their proof. Moreover, our proof is more general and applies to other topological
groups.

Acknowledgements. We would like to adress many thanks to Christophe Pittet for his useful
help and advice.

1If F “ tGu, we omit “relative to F”.
2As for Mautner’s property, if F “ tGu, we omit “relative to F”.
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3. Proofs

3.1. Useful facts and notation. We recall here some tools we need for the proofs.

Notation 4. A sequence g P GN is said to be bounded if DK, @n P N, gn P K.

Fact 1. If G is locally compact, second countable, every unbounded sequence has a subsequence
that goes to infinity.

If G is locally compact, second countable, f : G Ñ C and a P C, we have the following
sequential characterization

lim
gÑ8

fpgq “ a ô
´

@g P GN, lim
nÑ8

gn “ 8 ñ lim
nÑ8

fpgnq “ a
¯

.

When we write π : G Ñ UpHq, it is implicit that it is both a morphism and that it is
continuous for the strong operator topology (and therefore, a unitary representation), and
that H is a complex, separable Hilbert space.

The following fact easily follows from the sequential weak operator compactness of the unit
ball in the space of bounded operators.

Fact 2. Let T “ pTnqnPN be a sequence of normal operators of norm 1 on a Hilbert space such
that @n,m P N, TnTm “ TmTn. Then T has a subsequence, that converges, in the weak operator
topology, to a normal operator that commutes with all the T 1

ns.

3.2. Proof of the theorem. The proof of the following lemma is obvious.

Lemma 1. If a “ pa1, ¨ ¨ ¨ , aN q P pG1 ˆ ¨ ¨ ¨ ˆ GN qN, then U`
a “ U`

a1
ˆ ¨ ¨ ¨ ˆ U`

aN
(and this is

also valid for U´).

Let π : G Ñ UpHq be a unitary representation.

Lemma 2. [Cio17, Lemma 2.9] Let pK1, A
`,K2q be a Cartan decomposition of G. If

Dφ,ψ P Hzt0u, Dg P GN, pxπpgnqφ,ψyqnPN doesn1t converge to vers 0,

then

Dφ,ψ P Hzt0u, Da P pA`qN, pxπpanqφ,ψyqnPN doesn1t converge to vers 0.

Lemma 3. [Cio17, Lemma 2.8] Let g P GN. If

Dφ,ψ P Hzt0u, pxπpgnqφ,ψyqnPN doesn1t converge to vers 0,

then

Dφ P Hzt0u, pxπpgnqφ, φyqnPN doesn1t converge to vers 0.

Lemma 4. If φ P H, the set tg P G | πpgqφ “ φu is a closed subgroup.

Proof. It is a subgroup because π is a morphism, and it is closed because π is strongly continuous.
�

We extract the following lemma out of [Cio17, Lemma 3.1] for the sake of clarity.

Lemma 5. Let g P GN such that @n,m P N, gngm “ gmgn. Let φ P Hzt0u such that
pxπpgnqφ, φyqnPN doesn’t converge to 0. Then there is φ0 P Hzt0u, fixed by U`

g and by U´
g .

Proof. Up to extraction, we can assume that pπpgnqqnPN converges, for the weak operator topol-
ogy, to a normal operator E, which commutes with the πpgnq1s, according to Fact 2.

Because of the weak operator convergence of the operators, xEφ, φy “ 0, which implies that
Eφ “ 0. Let us prove that Eφ is fixed by U˘

g .
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Let u P U`
g , and ψ P H. We have

|xπpuqEφ ´ Eφ,ψy| “ |xEπpuqφ ´ Eφ,ψy|

“
ˇ

ˇ

ˇ
lim
nÑ8

xπpgnqπpuqφ ´ πpgnqφ,ψy
ˇ

ˇ

ˇ

“
ˇ

ˇ

ˇ
lim
nÑ8

xπpgnug
´1
n qπpgnqφ ´ πpgnqφ,ψy

ˇ

ˇ

ˇ

“
ˇ

ˇ

ˇ
lim
nÑ8

@`

πpgnug
´1
n q ´ Id

˘

πpgnqφ,ψ
D

ˇ

ˇ

ˇ

“
ˇ

ˇ

ˇ
lim
nÑ8

A

πpgnqφ,
`

πpgnug
´1
n q ´ Id

˘˚
ψ

Eˇ

ˇ

ˇ

“
ˇ

ˇ

ˇ
lim
nÑ8

@

πpgnqφ,
`

πpg´1
n u´1gnq ´ Id

˘

ψ
D

ˇ

ˇ

ˇ

ď limnÑ8 }πpgnqφ} ¨ }
`

πpg´1
n u´1gnq ´ Id

˘

ψ}
“ limnÑ8 }φ} ¨ }

`

πpg´1
n u´1gnq ´ Id

˘

ψ}
(u´1 P U`

G
) Ñ 0

This being true for all ψ, we therefore have πpuqEφ “ Eφ. We use the same procedure to prove
that u P U´

g . �

Proof of the theorem. Let us prove that if there is φ,ψ P H such that we don’t have

lim
gÑ8

xπpgqφ,ψy “ 0,

then there is F P F and a vector φ0 P Hzt0u fixed by πpF q.
So, let φ,ψ P H be as such. There is a sequence g P GN that goes to infinity such that

pxπpgnqφ,ψyqnPN doesn’t converge to 0. Up to extraction, we can assume that there exists

F P F such that F Ď xU`
g , U

´
g y. According to Lemma 2 and Lemma 3, we can assume that

pxπpgnqφ, φyqnPN doesn’t converge to 0, and that g P pA`qN. According to Lemma 5, there is

φ0 P Hzt0u that is fixed by U˘
g . According to Lemma 4, φ0 is, in fact, fixed by xU`

g , U
´
g y, and

therefore, by F . �

3.3. Proofs of the corollaries. The proof of Corollary 1 is an obvious application of the
following lemma.

Lemma 6. Let G1, ..., GN be topological groups such that for each i, Gi has a Cartan decom-
position pKi,1, A

`
1
,Ki,2q, and pGi, A

`
i q has the Mautner property. Then

pK1,1 ˆ ¨ ¨ ¨ ˆKn,1, A
`
1

ˆ ¨ ¨ ¨ ˆA`
n ,K1,2 ˆ ¨ ¨ ¨ ˆKn,2q

is a Cartan decomposition of G :“ G1 ˆ ¨ ¨ ¨ ˆGN such that pG,A`
1

ˆ ¨ ¨ ¨ ˆA`
n q has the Mautner

property relative to tG1, ..., GN u.

Proof. It is clear that the announced triplet is a Cartan decomposition of G. We just have
to prove that pG,A`

1
ˆ ¨ ¨ ¨ ˆ A`

N q satisfies Mautner’s property, relative to tG1, ..., GN u. Let

us denote A` :“ A`
1

ˆ ¨ ¨ ¨ ˆ A`
N . Let a “ pa1, ¨ ¨ ¨ , aN q P pA`qN such that limnÑ8 an “ 8.

The set ti P t1, ..., Nu | painqnPN is not boundedu is not empty, unless a is itself bounded, but

it isn’t by hypothesis. Let j be such that pajnqnPN is unbounded. Then there is an increasing

h1 : N Ñ N such that paj
h1pnqqnPN goes to infinity in Gj . By hypothesis on Gj , there is an

increasing h2 : N Ñ N such that if we denote bj :“ paj
h1ph2pnqqqnPN, then xU`

bj
, U´

bj
y “ Gj . We

then have, by Lemma 1

xU`
b , U

´
b y Ě t1u ˆ ¨ ¨ ¨ ˆ t1u ˆGj ˆ t1u ˆ ¨ ¨ ¨ ˆ t1u.

�

To a measure preserving action of a topological group on a probability space X, one can as-
sociate a unitary representation of the group in UpL2pXqq (called the Koopman representation)
such that the action is ergodic if and only if the only invariant vectors of the representation are
the constants, and such that the mixing is equivalent to the vanishing at infinity of all matrix
coefficients of the subrepresentation on the subspace of functions of zero integral. This said, the
proof of Corollary 2 is obvious.
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The proof of Corollary 3 goes as follows.

Proof of Corollary 3. Thanks to Corollary 2, it is enough to check that for every i, Gi ñ G{Γ
is ergodic. According to [Zim84, Corollary 2.2.3, p. 18], Gi ñ G{Γ is ergodic if and only if Γ ñ

G{Gi is ergodic. But this action is ergodic if and only if the image of Γ in G1ˆ¨ ¨ ¨ˆxGiˆ¨ ¨ ¨ˆGN

is dense, and this is precisely the case when Γ is irreducible. �
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